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# D'Alembert's Principle  

Let us suppose a system is in equilibrium i.e. the total force 𝑭𝒊 on every particle is zero then 

workdone by this force in a small virtual displacement 𝛿𝒓𝒊 will also vanish. i.e for whole 

system for N particles  

∑ 𝑭𝒊 . 𝛿𝒓𝒊

𝑁

𝑖=1

= 0 … … … … (1) 

Let this total force be expressed as sum of applied force 𝑭𝒊
𝒂 and forces of constraints 𝒇𝒊. Then 

above equation takes the form, 

∑ 𝑭𝒊
𝒂 . 𝛿𝒓𝒊

𝑖

+ ∑ 𝒇𝒊

𝑖

 . 𝛿𝒓𝒊 = 0 … … … (2) 

We now consider the system for which the virtual work of the forces of constraint is zero. Thus, 

∑ 𝑭𝒊
𝒂 . 𝛿𝒓𝒊

𝑖

= 0 … … … … … (3) 

The equation is termed as principle of virtual work.  

To interpret the equilibrium of the system, D'Alembert adopted an idea of a reversed force.  

He considered that a system will remain in equilibrium under the action of a force equal to the 

actual force 𝑭𝒊 plus reversed effective force 𝒑𝒊̇ . 

Thus, 

𝑭𝒊 + (−𝒑𝒊̇ ) = 0̇  

𝑭𝒊 − 𝒑𝒊̇ = 0 

where,  𝒑𝒊̇  represents an effective force called reversed force of inertia on the 𝑖𝑡ℎ particle. 

Thus principle of virtual work takes the form, 

∑(𝑭𝒊 − 𝒑𝑖̇ ). 𝛿𝒓𝒊 = 0

𝑖

… … (4) 

Again putting , 𝑭𝒊 = 𝑭𝒊
𝒂 + 𝒇𝒊 in eq(4); 



∑(𝑭𝒊
𝒂 − 𝒑𝒊̇ ). 𝛿𝒓𝒊 + ∑ 𝒇𝒊 . 𝛿𝒓𝒊

𝑖

= 0

𝑖

 

Since there is no constraint, 𝒇𝒊 = 0. Then  

∑(𝑭𝒊
𝒂 − 𝒑𝒊̇ ). 𝛿𝒓𝒊 = 0

𝑖

 

To write in generalised form omit superscript a. Hence we get 

∑(𝑭𝒊 − 𝒑𝑖̇ ). 𝛿𝒓𝒊 = 0

𝑖

 

Which is called D'Alembert's Principle.  

 

#Derivation of Lagrange's equation from D'Alembert's Principle 

The co-ordinate transformation equations are ; 

𝒓𝒊 = 𝒓𝒊(𝑞1, 𝑞2, 𝑞3 … … 𝑞𝑛, 𝑡) 

So that; 

𝑑𝒓𝒊

𝑑𝑡
=

𝜕𝒓𝒊

𝜕𝑞1

𝑑𝑞1

𝑑𝑡
+ 

𝜕𝒓𝒊

𝜕𝑞2

𝑑𝑞2

𝑑𝑡
+ ⋯ … +

𝜕𝒓𝑖

𝜕𝑡

𝑑𝑡

𝑑𝑡
 

𝒗𝒊 = ∑
𝜕𝒓𝒊

𝜕𝑞𝑗
 𝑞�̇� +

𝜕𝒓𝒊

𝜕𝑡
𝑗

… . . (1) 

Further infinitesimal displacement 𝛿𝑟𝑖 can be written as; 

𝛿𝒓𝒊 = ∑
𝜕𝒓𝒊

𝜕𝑞𝑗
 𝛿𝑞𝑗 +  

𝜕𝒓𝒊

𝜕𝑡
 𝛿𝑡

𝑗

 

Here, last term is zero since in virtual displacement only coordinate displacement is considered 

and not that of time. Therefore; 

𝛿𝒓𝒊 = ∑
𝜕𝒓𝒊

𝜕𝑞𝑗
 𝛿𝑞𝑗  

𝑗

 

 



From D'Alembert's Principle,  

∑(𝑭𝒊 − 𝒑𝒊̇ ). 𝛿𝒓𝒊 = 0

𝑖

 

Putting value of 𝛿𝒓𝒊 

∑(𝑭𝒊 − 𝒑𝒊̇ ) .  ∑
𝜕𝒓𝒊

𝜕𝑞𝑗
 𝛿𝑞𝑗  

𝑗

= 0

𝑖

 

∑ 𝑭𝒊.

𝑖𝑗

𝜕𝒓𝑖

𝜕𝑞𝑗
 𝛿𝑞𝑗 −  ∑ 𝒑𝒊̇ .  

𝜕𝒓𝒊

𝜕𝑞𝑗
 𝛿𝑞𝑗 = 0
̇

𝑖𝑗

 

Let us define ; 

∑ 𝑭𝒊 .
𝜕𝒓𝒊

𝜕𝑞𝑗
= 𝑄𝑗

𝑖

 ; 𝑐𝑎𝑙𝑙𝑒𝑑 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑠𝑒𝑑 𝑓𝑜𝑟𝑐𝑒. 

Then above equation takes the form; 

∑ 𝑄𝑗  𝛿𝑞𝑗 − ∑ 𝒑𝒊̇ .  
𝜕𝒓𝒊

𝜕𝑞𝑗
 𝛿𝑞𝑗 = 0
̇

𝑖𝑗𝑗

… . . (2) 

Let us simplify the second term;  

∑ 𝒑𝒊̇ .  
𝜕𝒓𝒊

𝜕𝑞𝑗
 𝛿𝑞𝑗 = ∑ 𝑚𝑖 𝒓�̈� .

𝑖𝑗

̇

𝑖𝑗

 
𝜕𝒓𝒊

𝜕𝑞𝑗
 𝛿𝑞𝑗 

= ∑ {
𝑑

𝑑𝑡
(𝑚𝑖  𝒓�̇� .

𝜕𝒓𝒊

𝜕𝑞𝑗
) − 𝑚𝑖  𝒓�̇�.

𝑑

𝑑𝑡
(

𝜕𝒓𝒊

𝜕𝑞𝑗
)}  𝛿𝑞𝑗

𝑖𝑗

 

∑ 𝒑𝒊̇ .  
𝜕𝒓𝑖

𝜕𝑞𝑗
 𝛿𝑞𝑗

𝑖𝑗

= ∑ {
𝑑

𝑑𝑡
(𝑚𝑖  𝒗𝒊 .

𝜕𝒓𝑖

𝜕𝑞𝑗
) − 𝑚𝑖  𝒗𝒊.

𝑑

𝑑𝑡
(

𝜕𝒓𝒊

𝜕𝑞𝑗
)}  𝛿𝑞𝑗

𝑖𝑗

… . (3) 

∑ 𝒑𝒊̇ .  
𝜕𝒓𝒊

𝜕𝑞𝑗
 𝛿𝑞𝑗

𝑖𝑗

= ∑ {
𝑑

𝑑𝑡
(𝑚𝑖  𝒗𝒊 .

𝜕𝒓𝒊

𝜕𝑞𝑗
) − 𝑚𝑖  𝒗𝒊.

𝜕

𝜕𝑞𝑗
(

𝑑𝒓𝒊

𝑑𝑡
)}  𝛿𝑞𝑗

𝑖𝑗

 

∑ 𝒑𝒊̇ .  
𝜕𝒓𝒊

𝜕𝑞𝑗
 𝛿𝑞𝑗

𝑖𝑗

= ∑ {
𝑑

𝑑𝑡
(𝑚𝑖  𝒗𝒊 .

𝜕𝒓𝒊

𝜕𝑞𝑗
) − 𝑚𝑖  𝒗𝒊.

𝜕𝒗𝒊

𝜕𝑞𝑗
}  𝛿𝑞𝑗

𝑖𝑗

 



Again;     
𝜕𝒓𝒊

𝜕𝑞𝑗
=

𝜕𝒗𝒊

𝜕�̇�
 

∑ 𝒑𝒊̇ .  
𝜕𝒓𝒊

𝜕𝑞𝑗
 𝛿𝑞𝑗

𝑖𝑗

= ∑ {
𝑑

𝑑𝑡
(𝑚𝑖  𝒗𝒊 .

𝜕𝒗𝒊

𝜕�̇�
 ) − 𝑚𝑖  𝒗𝒊.

𝜕𝒗𝒊

𝜕𝑞𝑗
}  𝛿𝑞𝑗

𝑖𝑗

 

∑ 𝒑𝒊̇ .  
𝜕𝒓𝒊

𝜕𝑞𝑗
 𝛿𝑞𝑗

𝑖𝑗

=  ∑ [
𝑑

𝑑𝑡
{

𝜕

𝜕𝑞�̇�
(∑

1

2
𝑚𝑖𝑣𝑖

2

𝑖

)} − 
𝜕

𝜕𝑞𝑗
(∑

1

2
𝑚𝑖𝑣𝑖

2

𝑖

)]  𝛿𝑞𝑗

𝑗

 

∑ 𝑝�̇� .  
𝜕𝑟𝑖

𝜕𝑞𝑗
 𝛿𝑞𝑗

𝑖𝑗

=  ∑ [
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞�̇�
) −

𝜕𝑇

𝜕𝑞𝑗
] 𝛿𝑞𝑗

𝑗

 

Putting this value in eq (2) then  

∑ 𝑄𝑗  𝛿𝑞𝑗 − ∑ [
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞�̇�
) −

𝜕𝑇

𝜕𝑞𝑗
] 𝛿𝑞𝑗

𝑗𝑗

= 0 

∑ [
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞�̇�
) −

𝜕𝑇

𝜕𝑞𝑗
− 𝑄𝑗]  𝛿𝑞𝑗 = 0

𝑗

 

By making the coefficients of 𝛿𝑞𝑗 to be zero,  we get 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞�̇�
) −

𝜕𝑇

𝜕𝑞𝑗
− 𝑄𝑗 = 0 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞�̇�
) −

𝜕𝑇

𝜕𝑞𝑗
= 𝑄𝑗 … … (4) 

Case I: For conservative system 

In conservative system potential energy is the function of coordinate only. i.e. 𝑉 = 𝑉(𝑟) 

𝑭𝒊 = −
𝜕𝑉

𝜕𝒓𝒊
 

Then generalized force can be written as; 

𝑄𝑗 = ∑ 𝑭𝒊 .
𝜕𝑟𝑖

𝜕𝑞𝑗
𝑖

=  ∑ −
𝜕𝑉

𝜕𝒓𝒊
 .

𝜕𝒓𝒊

𝜕𝑞𝑗
𝑖

= −
𝜕𝑉

𝜕𝑞𝑗
 

Putting value of 𝑄𝑗 in eq (4), we get 



𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞�̇�
) −

𝜕𝑇

𝜕𝑞𝑗
= −

𝜕𝑉

𝜕𝑞𝑗
 

𝑑

𝑑𝑡
(

𝜕(𝑇 − 𝑉)

𝜕𝑞�̇�
) −

𝜕(𝑇 − 𝑉)

𝜕𝑞𝑗
= 0 

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑞�̇�
) −

𝜕𝐿

𝜕𝑞𝑗
= 0 

Which is required equation. 

where 𝐿 = 𝑇 − 𝑉; 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑖𝑎𝑛. 

Above equation is called Lagrange's equation of motion for conservative system. 

 

Case II: Non-conservative system 

Here potential energy is velocity dependent so geeralised force can be written as; 

𝑄𝑗 = −
𝜕𝑈

𝜕𝑞𝑗
+

𝑑

𝑑𝑡
(

𝜕𝑈

𝜕𝑞�̇�
) 

Now from eq(4); 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞�̇�
) −

𝜕𝑇

𝜕𝑞𝑗
= −

𝜕𝑈

𝜕𝑞𝑗
+

𝑑

𝑑𝑡
(

𝜕𝑈

𝜕𝑞�̇�
) 

𝑑

𝑑𝑡
(

𝜕(𝑇 − 𝑈)

𝜕𝑞�̇�
) −

𝜕(𝑇 − 𝑈)

𝜕𝑞𝑗
= 0 

If we put Lagrangian  for non-conservative system as 𝐿 = 𝑇 − 𝑈 then above equation becomes;  

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑞�̇�
) −

𝜕𝐿

𝜕𝑞𝑗
= 0 

 

 

 

 



 

 

 

 

 

 


